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It is shown that the smallness of the Kato constant of the part of the
Ricci curvature below a positive threshold leads to compactness assuming
additionally that the manifold under consideration is asymptotically non-
negatively Ricci curved. In particular, the fundamental group is finite.
1 Intro
The famous Bonnet-Myers theorem states that if a manifold has uniformly positive Ricci
curvature, then its diameter and fundamental group are finite. Generalizations of this
theorem are of big interest and still a very active topic in differential geometry, and it
seems almost impossible to cite the total amount of papers here. For an overview about
recent results in this direction, see [Wu17, MRV12, GW01]. The general philosophy of
those articles is that Myers theorem follows from the control of integral bounds of the
Ricci curvature along geodesics or uniform bounds on the Bakry-E´mery Ricci tensor.
In contrast, diameter bounds had been proven in [Aub07, PS98] assuming uniform Lp-
bounds on the negative part of Ricci curvature below a positive threshold.
In [LER] and [CR18], it was asked whether spectral positivity of a Schro¨dinger op-
erator with potential given by the Ricci curvature leads to compactness. In general,
this cannot be true since it is a condition that can be satisfied by the hyperbolic space.
To overcome this, one needs additional assumptions on the Ricci curvature that imply
spectral positivity and keeps the influence of the Laplacian small enough w. r. t. the
Ricci curvature. The first mentioned article contains that asymptotic non-negativity of
the Ricci curvature and its uniform stochastic positivity together imply compactness.
Unfortunately, thie latter is a condition that can barely be calculated and is therefore
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not accessible for applications. In contrast, this article starts the investigation of com-
pactness theorems under Kato-type Ricci curvature conditions.
The present article shows that a Kato-type condition, that implies spectral positiv-
ity and which generalizes Lp-conditions of the part of Ricci curvature below a positive
threshold, leads to compactness, allowing deep wells of Ricci curvature without uniform
lower bounds. Note that this generalization leads to a different approach to the results
obtained in [Aub07, PS98].
Let M be a complete Riemannian manifold and ρ = ρM : M → R given by
ρ : M → R, x 7→ min(spec(Ricx)),
where spec(A) denotes the spectrum of A and Ricx the Ricci tensor at x ∈M interpreted
as a matrix acting on the cotangent space. For K ≥ 0 and T > 0, we define
κT ((ρ−K)−) :=
∫ T
0
‖Pt(ρ−K)−‖∞dt,
that is the so-called Kato constant of the part of the Ricci curvature lying below a certain
threshold K ∈ R, which got a lot of attention during the last years as a generalization
of averaged Lp-curvature bounds. Indeed, if the Lp-bound of Ricci below a positive level
is small enough, the manifold is compact and possesses in particular heat kernel bounds
for p > n/2, such that the Kato condition can easily be satisfied. On the other hand,
there are limits of the Ka¨hler-Ricci flow whose Kato constant of the Ricci curvature is
small but its averaged Lp-norm explodes.
The papers [Car16, Ros18, CR18, RS18, Ros17] give a good picture of what is already
known about the implications of this curvature condition and its origins from pertur-
bation theory of Dirichlet forms. Nevertheless, as mentioned above, the compactness
theorem for the Kato condition was unclear so far. It was known only that a complete
manifold with bounded geometry and spectrally positive Ricci curvature is compact,
what is weaker than our assumption.
I will prove that the compactness follows from smallness of κT ((ρ−K)−) for T,K > 0
and asymptotically non-negative Ricci curvature. In particular, explicit diameter bounds
follow. The smallness of the Kato constant implies that the manifold under consideration
has finite volume. Therefore, an additional condition implying that in the non-compact
case, the manifold must have infinite volume, gives a contradiction. On the other hand,
assuming that balls of a certain radius can be bounded from below uniformly, then com-
pactness follows as well. Such lower volume bounds exist if there is a Sobolev embedding
or a uniform heat kernel upper bound.
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2 Compactness and diameter bounds assuming almost positive
Kato Ricci curvature
M is always a complete Riemannian manifold of dimension dimM = n with Ricci tensor
Ric. For simplicity, we denote
ρ(x) := min specRicx, x ∈M,
where Ric is interpreted as a pointwise endomorphism on the cotangent bundle T ∗xM at
x ∈ M . As usual, we abbreviate V (x, r) = Vol(B(x, r)) for an open ball B(x, r) with
center x ∈M and r > 0. Furthermore, we abbreviate a ∧ b := min(a, b) for a, b ∈ R and
for f : M → R, f− := 0 ∧ (−f).
We assume throughout this article that ρ− ∈ L2loc(M). Let x0 ∈ M , r0(x) be the
distance function emanating from x0. Recall that a manifold is called asymptotically
non-negatively Ricci-curved if there are x0 and r0 > 0 such that if for all r > r0, we have
ρ(x) ≥ − n
n− 1
1
r0(x)2
, r > r0.
For T > 0 and V : M → [0,∞] measurable, the Kato constant is given by
kT (V ) := sup
n∈N
∫ T
0
‖Pt(V ∧ n)‖∞dt,
where (Pt)t≥0 denotes the heat semigroup of the Laplace-Beltrami operator ∆ ≥ 0 on
M defined via the functional calculus by Pt := e
−t∆, t ≥ 0. (Note that Pt maps L∞(M)
into itself such that the truncation procedure makes sure that κT (V ) is well-defined.)
Our main results read as follows.
Theorem 2.1. Let T,K > 0, and M a complete manifold of dimension n ≥ 2. Assume
that
κT ((ρ−K)−) ≤ 1− e−KT/4
and that M is asymptotically non-negative. Then, M is compact. In particular, if there
exists ε ∈ (0, 4n+3) such that additionally
κT ((ρ−K)−) ≤ ε(1 − e−εKT/2),
then the diameter is bounded by
diamM ≤ C(n, ε)(n − 1)pi√
K
,
where C(n, ε)→ 0 as t→ 0, and the fundamental group of M is finite.
A complementary result is given below, assuming control of the size of balls of a certain
radius. This can be achieved as soon as one has a Sobolev embedding or a uniform heat
kernel bound for a certain time [Car96, SC02].
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Theorem 2.2. Let T,K > 0, and M a complete manifold of dimension n ≥ 2. Assume
that
κT ((ρ−K)−) ≤ 1− e−KT/4
and that there exists r > 0 such that v := infx∈M Vol(B(x, r)) > 0. Then, M is compact.
In particular, if there exists ε ∈ (0, 4n+3) such that additionally
κT ((ρ−K)−) ≤ ε(1 − e−εKT/2),
then the diameter is bounded by
diamM ≤ C(n, ε)(n − 1)pi√
K
,
where C(n, ε)→ 0 as t→ 0, and the fundamental group of M is finite.
The proposition below shows that the smallness of the Kato constant implies finite
volume. The theorems above will follow easily.
Proposition 2.3. Let K,T > 0 and assume that
κT ((ρ−K)−) ≤ 1− e−KT/4.
Then, M has finite volume.
Proof. The assumption on κT ((ρ−K)−) implies that
K/2 ≤ ∆+K − (ρ−K)− ≤ ∆+ ρ (1)
in quadratic form sense. For our approach, we need that the perturbed heat semigroup
maps L∞ into itself with an exponential decay rate. By [Voi86] we know that
‖e−t(∆−(ρ−K)−)‖∞,∞ ≤
(
1
1− kT
)1+ t
T
≤ eKT/2, t ∈ (0, T ].
and therefore, by the Trotter-Kato product formula, for all t ∈ (0, T ]
‖e−t(∆+ρ)‖∞,∞ ≤ e−Kt‖e−t(∆−(ρ−K)−)‖∞,∞ ≤ e−KteKT/2.
The semigroup domination principle, which is valid as soon as ρ− is a Kato potential
[Gu¨n17], implies that the semigroup generated by the Hodge-Laplacian ∆1 ≥ 0 on one-
forms, (P 1t )t≥0, inherits the same bound for t ∈ (0, T ]:
‖P 1t ‖∞,∞ ≤ ‖e−t(∆+ρ)‖∞,∞ ≤ e−KteKT/2.
Since the right-hand side is exponentially decreasing, the semigroup property implies
the same bound for t ∈ (0,∞). Indeed, if we let
t = kT + ε, k ∈ N0, ε ∈ [0, T ),
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we get
‖P 1t ‖∞,∞ = ‖P 1kT+ε‖∞,∞ = ‖(P 1T )kP 1ε ‖∞,∞
≤ ‖P 1T ‖k∞,∞‖P 1ε ‖∞,∞ ≤ e−KTk/2e−KεeKT/2
≤ e−tK/2eKT/2.
Hence,
∫ ∞
0
‖e−t∆1‖∞,∞ ≤ 2/K eKT/2. (2)
Now, we prove finite volume by contradiction. Assume that Vol(M) = ∞ and let
f, g ∈ C∞c (M). Then, we must have Ptf → 0 for t→∞. Furthermore, we have
∫
M
g(f − Ptf) dvol = −
∫
M
g
∫ T
0
g∂tPtf dt dvol =
∫ T
0
∫
M
g∆Ptf dvol dt
=
∫ T
0
∫
M
∇g∇Ptf dvol dt ≤
∫ T
0
∫
M
|∇g||∇Ptf |dvol dt
≤
∫ T
0
‖∇Ptf‖∞dt‖∇g‖1 =
∫ T
0
‖P 1t df‖∞ dt‖∇g‖1
≤
∫ ∞
0
‖P 1t ‖∞,∞ dt‖df‖∞‖∇g‖1 ≤
2
K
eKT/2‖df‖∞‖∇g‖1. (3)
Consider a sequence of cut-off functions (fn)n∈N with 0 ≤ fn ≤ 1 and ‖fn‖∞ ≤ 1/n as
in [Bak86]. Then, (3) implies for all n ∈ N and g ∈ C∞c (M)∫
M
g(Ptfn − fn)dvol ≤ C/n‖∇g‖1.
Letting t→∞ and n→∞ implies
∫
M
g dvol ≥ 0,
contradicting that g ∈ C∞c (M) was arbitrary. Hence, M has finite volume.
Proof of Theorems 2.1 and 2.2. For Theorem 2.1, assume that M is not compact. The
proposition above implies thatM has finite volume. In contrast, [CGT82, Theorem 4.9(ii)]
says that an asymptotically non-negatively Ricci-curved non-compact manifold must
have infinite volume, so that we have a contradiction. Theorem 2.2 follows easily by
a covering of balls along a geodesic. The diameter bounds and the finiteness of the
fundamental group follow from [CR18].
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